Universal price impact functions of individual trades 

in an order-driven market 



WEI-XING ZHOU™™ * 

1 . School of Business, East China University of Science and Technology, Shanghai 200237, China 

2. School of Science, East China University of Science and Technology, Shanghai 200237, China 

3. Research Center for Econophysics, East China University of Science and Technology, Shanghai 
200237, China 

4. Research Center of Systems Engineering, East China University of Science and Technology, 
Shanghai 200237, China 

(Received 7 October 2007; in final form ) 

The trade size cu has direct impact on the price formation of the stock traded. Econophys- 
ical analyses of transaction data for the US and Australian stock markets have uncovered 
market-specific scaling laws, where a master curve of price impact can be obtained in 
each market when stock capitalization C is included as an argument in the scaling rela- 
tion. However, the rationale of introducing stock capitalization in the scaling is unclear 
and the anomalous negative correlation between price change r and trade size to for small 
trades is unexplained. Here we show that these issues can be addressed by taking into ac- 
count the aggressiveness of orders that result in trades together with a proper normaliza- 
tion technique. Using order book data from the Chinese market, we show that trades from 
filled and partially filled limit orders have very different price impact. The price impact 
of trades from partially filled orders is constant when the volume is not too large, while 
that of filled orders shows power-law behavior r ~ uj a with a ~ 2/3. When returns and 
volumes are normalized by stock-dependent averages, capitalization-independent scaling 
laws emerge for both types of trades. However, no scaling relation in terms of stock cap- 
italization can be constructed. In addition, the relation a = a^/cir is verified, where 
and a r are the tail exponents of trade sizes and returns. These observations also enable 
us to explain the anomalous negative correlation between r and u for small-size trades. 
We anticipate that these regularities may hold in other order-driven markets. 

Keywords: Econophysics; Price impact function; Price-volume relation; Scaling laws; 
Data collapsing 

1 Introduction 

A well-known adage in the Wall Street states that it takes trading volume to move stock prices. 
The price-volume relation has been extensively studied, which composes of the positive correlations 
between trading volume cu(t, At) and the volatility (or the absolute value of return) |r(t, At) | (the 
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positive volume- volatility relation), and between trading volume and the return per se r(t, At) (the 
positi ve volume-return relation) over fixed time intervals (t — At, t] in financi al markets (IKarpoffl 
1987 ). These relations ar e robu st at various time scales including minutely (Wood et all Il985l) . 



(Ri chardson et all 119861) . to monthly horizon (|Rogalskilll978l:ISaatcioglu and Starks 



hourly djain and Joh[ll988l) . daily dYineL I 19661: IEddsL Il977l: lHarrisLI 19871: iGallant et al. 



1992), weekly 



1998). In these 



studies, the main result is that the return r(u>) is linearly correlated with the volume uj and the ratio of 
price change to trading volume is greater for trades driving price down than for those driving price up 
(|Karpofftll987|) . The price-volume relation is of signific ant relevance to the mixture of distributions 
hypothesis of returns (|Clarkl 1 19731 : Epps and Eppsl Il976|) . 



In recent year s ? the p r ice- volume relatio n has been studied at the transactio n level (IChan and Fong , 

2000l : iLillo et all (20031 : llim and CogginsL 120051 : iNaes and SkjeltorpL 120061) . It is well-known that 
buyer-initiated trades drive the price up and seller-initiated trades drive it down. The difference be- 
tween the volume-return relation and the volume-volatility relation vanishes at the transaction level. 
Equivalently, investigating the price- volume relation amounts to the study of the immediate price im- 
pact of trades of size uj. Contrary to the linear volume-return assumption at aggregated timescales, 
Lillo et all (|2003l) found that the price impact is nonlinear and concave for US stocks at the transaction 
level. 

Concerning the volume-return relation at the microscopic transaction level, one is interested in the 
determin ation of the i mmed iate impact of trade size on the price. Using the Trade and Quote (TAQ) 
database, ILillo et al.l (|2003|) unveiled a master curve for price impact function in the sense that the 
data collapse onto a single curve (LFM scaling) 
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where r is the shift of logarithmic mid-quote prices right before and after a trade of size uj occurs, 
(uj) is the average volume per trade for each stock, C is the stock capitalization, 7 and S are two 
sca ling parameters, and f(x ) is found to be a concave function and has a power-law form for large 



Lim and Coggins ( 20051) performed a similar analysis on the Australian Stock Exchange and a 



UJ. 

similar scaling was obtained, where the return and trade size were defined in a slightly different way. 
More interestingly, r{uj) is found to decrease with i ncreasing uj in the Australian market when uj is 
smaller than certain value (ILim and CogginsL |2005|) . However, the underlying mechanism causing 
this counterintuitive behavior is unknown. 

The power-law impact function for large trades plays an essential ro le in an unified theory ex- 
plaining power laws of financial market fluct uations ( Gabaix et al. . 2003 al ibi: iFarmer and Lillo , 2004 : 
Plerou et alll2004l : lGabaix et alll2006ll2007r) . It is found that the distribution of equity returns obeys 
the (inverse) cubic law: 

Pr(|r] > x) ~ x~ ar , (2) 



where a r « 3 (|Gopikrishnan et al.L 1 1 99 8L 1 1 999l : iPlerou et allll999|) and that of trading volumes fulfills 
the half-cubic law 

Pr(cj > x) ~ x~ a - (3) 

with ~ 3/2 ( Gopikrishnan et al. . 2000l) . If the price impact function has a power-law form \r\ ~ 
uj a , we have immediately that 

a = a^/cir , (4) 



which bridges the two tail exponents for returns and volumes. The unified theory of (|Gabaix et al. . 
2003 a|) can thus be tested empirically. 

In this work we report on the existence of two universal price-impact functions of two types of 
trades in an order-driven stock market, which do not depend on the stock capitalization. We also 



show that the relation © put forward originally by Gabaix et al. ( 2003a[) can be verified also at the 
transaction level. The rest of the paper is organized as follows. Section [2] describes the data used 
in our study and briefly the trading system. Section [3] investigate the price impact functions and 
dat a collapse based o n a p roper normalization appr oach. In section |4l we adopt the methods utilized 
by Lillo et al.l (12003b and iLim and Cogginsl (12005b for comparison. The relation between different 
power-law exponents is tested in section [5] using at the level of individual stocks and aggregate data 
of all stocks as well. Section [6] summarizes and concludes. 



2 Description of data sets 

We use a database recording all orders of submission and cancelation of 23 A-share stocks traded on 
the Shenzhen Stock Exchange in year 2003. The Shenzhen Stock Exchange (SZSE) was established 
on December 1, 1990 and started its operations on July 3, 1991. There are two separate markets for A- 
shares and B-shares. A-shares are common stocks issued by mainland Chinese companies, subscribed 
and traded in Chinese currency Renminbi (RMB), listed on mainland Chinese stock exchanges, bought 
and sold by Chinese nationals and approved foreign investors. The A-share market was launched 
in 1990 and opened only to domestic investors in 2003. B-shares are issued by mainland Chinese 
companies, traded in foreign currencies and listed on mainland Chinese stock exchanges. B-shares 
carry a face value denominated in RMB. The B Share Market was launched in 1992 and was restricted 
to foreign investors before February 19, 2001. It has been opened to Chinese investors since. 

The Chinese markets have grown rapidly together with China's economy. At the end of 2003, there 
were 491 A-share stocks and 57 B-share stocks listed on the SZSE. Concerning the A-share market, 
the total mark et capitalization wa s 173.28 billion shares and the float market capitalization was 65.57 



billion shares (|Zhang et all 120041) . At the end of March 2008, the total market capitalization for 686 
A-share stocks increased to 290.26 billion shares and the float market capitalization to 158.45 billion 
shares. Our sample stocks were part of the 40 constituent stocks included in the Shenshen Stock 
Exchange Component Index in 2003. The total market capitalization C tot and float capitalization C, 
both in unit of million shares, of individual stocks are listed in tabled] We note that C tot varies from 
275.9 to 1994.1 and C ranges from 107.1 to 1406.5 spaning over one order of magnitude. 

The Exchange is open for trading from Monday to Friday except the public holidays and other 
dates as announced by the China Securities Regulatory Commission. On each trading day, the trading 
time period is divided into three parts: opening call auction, cooling periods, and continuous double 
auction. The market opens at 9: 15 am and entered the opening call auction till 9:25 am, during which 
the trading system accepts order submission and cancelation, and all matched transactions are exe- 
cuted at 9:25 am. It is followed by a cooling period from 9:25 am to 9:30. During cooling periods, the 
Exchange is open to orders routing from members, but does not process orders or process cancelation 
of orders. The information released to trading terminals also does not change during cooling periods. 
All matched transactions are executed at the end of cooling periods. The continuous double auction 
operates from 9:30 to 11:30 and 13:00 to 15:00 and transaction occurs based on automatic one to 
one matching due to price-time priority. The time interval between 11:30 am to 13:00 pm is another 
cooling period. Outside these opening hours, unexecuted orders will be removed by the system. Only 
the trades during the continuous double auction are considered in this work. 

The 23 stocks investigated in this work are representative, which belong to a variety of industry 
sectors as shown in tab le [TJ Although the Chine se stock market was in the middle of a five-year 



bearish phase in 2003 (|Zhou and Sornettd . |2004|) . the annual turnovers were still very high. The 



annual turnovers of the 23 stocks are tabulated in table [TJ Hence, transactions are quite frequent, 
resulting in a large number of trades in our analysis. The total numbers N of trades for individual 
stocks are also presented in table [TJ 



Table 1: Basic statistics for the 23 SZSE. Shown in columns are the codes of stocks, the total market 
capitalization (C tot , million shares), the float market capitalization (C, million shares), the annual 
turnovers (z%), the average returns ((r PB ), (rps), (?"fb)> and (r FS ), multiplied by 1000) caused by 
filled and partially filled buys and sells, the numbers of trades (N, thousand shares), and the industry 
sectors. 



Code 


^tot 


C 


z 


( r PB) 


( r Ps) 


( r FB) 


( r Fs) 


AT 

iv 


Industry 


C\C\C\C\C\ 1 

UUUUU1 


1 CiA C O 

194J.8 


1 A C\f. C 

14U6.J 


1 AO O 

149.9 


1 in 
1.19 


-l.zl 


a m 
U.U3 


A AC 

-U.Uj 


889. / 


Financials 


AAAAAO 
UUUUUz 


1 1 CO T 

1 1 JZ. 3 


ooo C 
9z9.J 


166.8 


1 cc 
I.jj 


1 C/l 

-1.34 


A C\A 

U.U4 


A AC 

-U.Uj 


CAO A 

JU9.4 


Real estate 


i \i \i \i \i \i \ 
000009 


ACO O 

958.8 


579.1 


1 1 A C 

210.5 


2.23 


1 o c 

-2.25 


A AC 

0.05 


-U.U6 


A A O A 

448. U 


Conglomerates 


AAAA1 O 

UUUUlz 


'"inn n 
3 / /.9 


1 AT 1 
ID/. 1 


COA C 

JZ9.J 


1.63 


1 1 
-1.61 


A AO 

U.U8 


A 1 A 

-U.1U 


OA A A 


Metals & Nonmetals 


AAAA 1 /- 

0000 16 


O AA 1 

399.1 


224.0 


182.3 


1.86 


1 on 

-1.87 


A AO 

0.08 


A 1 A 

-U.1U 


188.6 


i - 1 . ■ 

hlectronics 


AAAA1 1 

000021 


732.9 


1 AA C 

199.5 


OA A O 

309.3 


1 O C 

1.35 


1 

-1.37 


A A "7 

0.07 


A AA 

-U.U9 


A 1 1 C 

41 1.6 


hlectronics 


AAAA1 /i 

000024 


327.2 


1 1A O 

170.2 


1 C 1 A 

151.9 


1 /^C 

1.65 


-1.63 


A AA 

0.09 


A AA 

-U.U9 


1 O O £L 

133.6 


Real estate 


AAAA'IT 

000027 


1 OAO C 

1202.5 


486.0 


206.0 


1.63 


-1.63 


0.06 


A AC 

-U.U5 


O 1 O A 

313.9 


Utilities 


UUUU63 


667.3 


O CA O 

250.8 


111 .b 


1.2/ 


1 '"l A 

-1.24 


A c\n 

0.07 


-U.U6 


o/;c c 
265.5 


11 


AAAA/C^ 

000066 


,1 CO C 

458.5 


1 O 1 A 

181.0 


231.6 


1 cn 

1.57 


1 C A 

-1.59 


A AO 

0.08 


A AA 

-U.U9 


277.7 


hlectronics 


AAAAO O 

000088 


CO C A 

585.0 


124.9 


1 Z^A C 

169.5 


1.63 


1 /I A 

-1.60 


A 1 A 

0.10 


A AA 

-U.U9 


AT ^) 

97.2 


Iransportation 


AAAAO A 

000089 


■"7AA O 

799.8 


287.8 


216.6 


1.63 


1 £L A 

-1.64 


0.06 


A A "7 

-U.U7 


1 OA 1 

189.1 


Iransportation 


AAA/1 A/I 

UUU4U6 


364. U 


z6j.o 


Z31.J 


1 c*; 
1 .36 


1 co. 

-1 .JO 


A AC 

U.Uj 


-U.U / 


T7 1 /I 
Z / 1.4 


Petrochemicals 


000429 


953.4 


274.1 


118.2 


2.35 


-2.37 


0.08 


-0.09 


117.4 


Transportation 


000488 


526.1 


235.6 


136.8 


1.72 


-1.62 


0.14 


-0.17 


120.1 


Paper & Printing 


000539 


1994.1 


391.5 


114.0 


1.88 


-1.85 


0.10 


-0.14 


114.7 


Utilities 


000541 


275.9 


146.7 


95.2 


1.56 


-1.54 


0.09 


-0.09 


68.7 


Electronics 


000550 


519.2 


117.5 


604.5 


1.60 


-1.59 


0.08 


-0.09 


346.7 


Manufacturing 


000581 


348.0 


215.9 


123.5 


1.84 


-1.80 


0.10 


-0.10 


94.0 


Manufacturing 


000625 


876.7 


168.0 


582.8 


1.60 


-1.61 


0.08 


-0.10 


397.6 


Manufacturing 


000709 


1955.0 


565.8 


125.7 


2.02 


-2.04 


0.04 


-0.05 


207.8 


Metals & Nonmetals 


000720 


479.7 


277.1 


82.2 


0.98 


-1.15 


0.05 


-0.08 


132.2 


Utilities 


000778 


621.5 


219.1 


183.1 


1.38 


-1.33 


0.07 


-0.07 


157.3 


Manufacturing 



Before July 1, 2007, only limit orders were allowed for submission in the Chinese stock markets 
and the tick sizes of all stocks are identical to 0.01 RMB. If a trade occurs at time t, we compute the 
percentage return 

r(t+l) = \p(t + l)-p(t)}/p(t), (5) 
where p(t) and p(t + 1) are th e mid-prices of the best bid and ask right before and after the transaction. 



Following iBiais et al.1 dl.995), the trades are differentiated into four types according to their directions 
(whether a trade is seller-initiated or buyer-initiated) and aggressiveness: buyer-initiated partially 
filled (PB) trades resulting from partially filled buy orders, seller-initiated partially filled (PS) trades 
resulting from partially filled sell orders, buyer-initiated filled (FB) trades resulting from filled buy 
orders, and seller-initiated filled (FS) trades resulting from filled sell orders. Since the price rises 
following buyer-initiated trades and falls following seller-initiated trades, the returns associated with 
buyer-initiated trades are non-negative and that with seller-initiated trades are non-positive. 

The average returns corresponding to the four classes of trades for individual stocks are shown in 
tabled] We observe that partially filled trades have much larger impact on the price than filled trades: 

(rpB) > (^fb) and - (r PS ) > -(r FS ) , (6) 



which means that, on average, partially filled trades are much more aggressive than filled trades. The 



magnitude of average return of a partially filled trade is about 0.0016 ± 0.0003 and that of a filled 
trade is about 0.00008 ± 0.00003. These very small values also indicate that the percentage return 
in Eq. © equals to the logarithmic return. We notice that the average number of shares per trade is 
u;pb ~ ^ps ~ 4000 for partially filled trades and ojfb ~ ^fs ~ 2100 for filled trades. The fact that 
partially filled trades have larger sizes further confirms that they are more aggressive. 



3 Universal price impact functions 

3.1 Price impact functions for individual stocks 

For each stock, we determine the four types of trades (PB, PS, FB and FS). For each type of trades, 
we obtain a sequence of paired points (to, r) for the transaction sizes and returns. The data points are 
divided into nonoverlapping groups by binning the c<>axis such that all groups have approximately 
same number of points. The means of r and uj in each group are calculated. The resulting price impact 
functions of each type of trades for individual stocks are illustrated in figure [TJ Several intriguing 
features arise. We find that, for each type of trades, the price impact functions for different stocks have 
similar shapes showing that these stocks share similar underlying dynamic regularities. In addition, 
the shapes of buy trades and sell trades are similar as well. 
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Figure 1 : The price impact functions of different types of trades for 23 individual stocks traded on 
the Shenzhen Stock Exchange. The trades are classified into four types due to their directions and 
aggressiveness: (A) buyer-initiated partially filled trades, (B) seller-initiated partially filled trades, (C) 
buyer-initiated filled trades, and (D) seller-initiated filled trades. 

However, the shapes of filled trades and partially filled trades are very different. For partially filled 
trades, r(u) remains constant when uj is less than about 10000 shares and then increases. For filled 
trades, there are nice power-law relationships 



r{uj) = Auj' 



(7) 



for the stocks under investigation, where A is a stock-dependent prefactor and a is the power-law 
exponent. We have fitted the power-law relation for each stock, which gives the average values of 
power-law exponents «fb = 0.65 ± 0.08 and a F s = 0.69 ± 0.06. A closer scr utiny shows that the 



stock 000720 does not exhibit nice power-law scaling especially for FB trades (see lZhoul . 120071 . Figure 
8). A possible reason is that this stock was argued to be controlled by large investors who frequently 
manipulated the price. If we remove this stock, the average exponents are «fb = 0.66 ± 0.05 and 
dps = 0.69 ± 0.06, where the standard deviation for FB trades decreases remarkably. 

We also find that partially filled trades have much larger price impact than filled trades. In other 
words, partially filled trades are more aggressive than filled trades. This observation has been docu- 
mented in © according to tabled! There is a trivial "mechanical" explanation for this. Consider a 
buy order submitted at time t with price 7r no less than the best ask price a\{t~), before which the ask 
prices at each price level of the sell order book were a\{t~) < a.2 (t~~) < (t~) < ■ ■ ■ and the best 
bid price was bi(t~). The buy order eats orders waiting on the sell order book and the lowest price of 
the remaining orders submitted before t is a n (t~). If the buy order is filled, then the new best ask and 
bid prices are ai(t + ) = a n {t~) and bi(t + ) = bi(t~~) and the mid-price change is 

Ap FB = K(r) - a x {t-)}/2 . (8) 

If the buy order is partially filled, then the new best ask and bid prices are a\(t + ) = a n (t~) and 
bi(t + ) = tt ^ a\(t~) since the unfilled part is left on the new best bid price. The mid-price change 
reads 

Aj>PB = Ai>pB + [7r-6i(r)]/2. (9) 

It follows immediately that Aj>pb — AppB = — bi(t~)]/2, which is larger than half of the bid- 
ask spread. On the other hand, 91.05% of the FB trades have A^fb = and all PB trades have 
AppB ^ 0.005 RMB, half of the tick size. These considerations explain why PB trades have much 
larger price impact than FB trades. This analysis applies for seller-initiated trades as well. We note 
that 89.42% of the FS trades have Ap FS = 0. 



3.2 Data collapse of normalized returns and trade sizes 



We then adopt a simple method to normalize r and u for each type of trades by their a verages (r) 
and (u ) fo r each stock. We stress th at the main difference between our method and that of iLillo et al. 
(12003b and lLim and Cogginsl (12005b is that they did not normalize the returns. The results are depicted 
in figure [21 The data points of different stocks collapse onto a single curve for each type of trades. 
The scaling laws can be expressed in the following form 



r /( r ) = /type(^/(^» 



(10) 



for different types of trades. For partially filled trades, the scaling function / is almost a constant 
when the independent argument u / (u) is not too large. For filled trade, the scaling function / has a 
power-law form. 



3.3 Averaged price impact functions 

Based on the remarkable scaling of price impact for the four types, we are able to determine the 
market-averaged price impact curves. For each type of trades, we put together all normalized returns 
and trade sizes of the 23 stocks. Then the paired points are divided into groups with roughly the same 
size by binning the u/ (u;)-axis. Figure [3] plots the normalized return as a function of the normalized 
transaction size for each type of trades. It is found that there is no significant asymmetry between the 
buyer- and seller-initiated trades at the transaction level, which is in line with the cases of the USA and 
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Figure 2: Scaling of price impact functions for different types of trades. For each trade, the price shift 
r(u) and transaction size uj are normalized by the averages (r) and (cu) of all the returns and sizes of 
trades belonging to the same type of trade for each stock. 



Australian stock markets (|Lillo et all 120031 : iLim and CogginsL 120051) and does not support the well- 
known conclusion t hat seller-initia ted trades have stronger impact on price than buyer-initiated trades 
dEppsL Il975l Il977l : iKarpofl . Il987h . Speaking alternatively, we find that f FB (u/(u)) = f FS (oj/(u)) 
and /pb(^/ (^)) = fps(u /(&))■ The power-law exponents are a FB = 0.66 ± 0.03 for FB trades and 
a FS = 0.69 ± 0.03 for FS trades. 
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Figure 3: Market averaged price impact curves for the four types of trades. The solid line is a power- 
law function with the exponent a = 0.68 to guide the eye. 

The averaged price impact functions of all buyer- and seller-initiated trades are computed sepa- 
rately and presented in figure HI The most interesting feature is that there is a negative correlation 
between r and to for small-size trades, which exists for indiv idual stocks as well. To the best of our 
knowledge, this anomalous phenomenon was first reported by LLim and Cogginsl (12005b for Australian 
stocks. We can derive the condition causing this anomalous negative correlation. Consider two ad- 
jacent groups 1 and 2 with mean returns r x and r 2 and mean trade sizes uji < uj 2 . Assume that the 
proportion of filled trade in group i is X{ and the average returns of filled and partially filled trades are 
r F i and r P j, where i = 1, 2. We have 



n = r P;i (l - Xi) + r Fti Xi 



(ID 




Figure 4: Anomalous price impact curves for all buyer- and seller-initiated trades. Smaller trades 
move the price more when uj is smaller than about 100 shares. For large trades, the price impact 
behaves as a power law with an exponent a 0.60±0.03. 



Since rp i rs rp 2 and rp,i < rp, 2 for small trades, the necessary condition of r\ > r 2 is 

£ 2 > -Xi , (12) 

rp,i - r Fj i 

where (r Pj2 — r Fj2 )/(r Pi i — ?"f,i) 1S l ess tnan but also close to 1. For individual stocks, we have 
rp,i ^> rp,i, as is shown in figure [H and condition (fT2l) can be simplified to a; 2 > x\. For normalized 
returns and trade sizes illustrated in figure[3l condition (fl2)) becomes roughly that x 2 > 0.9xi. 

In the Chinese stock market, the size of a buy order is limited to 100 shares or an integer multiple 
of 100, while a seller can place an sell order with any size. It follows that the transaction size of a 
filled buy is 100 shares or its multiples and it is impossible to be less than 100. For a partially filled 
buy, its transaction size could be less than 100, if the volume of sell orders waiting on the opposite 
book it can eat is less than 100. Therefore, condition (fT2l) is satisfied for buy-initiated trades, since 
the relation x 2 ~ 1 3> x\ holds. 

For seller-initiated trades, the situation is a little more complicated. Here we provide a qualitative 
explanation. Since the market is not frictionless, it is costly to sell a very small amount of shares . 



We note that the majority of individual investors hold only several hundred shares (IMu et all 12008). 
which is not irrational since the wealth distribution of people follows the Pareto law. All FS trades 
with the sizes less than 100 are caused by sellers who placed very small orders, which is very rare. 
Empirically, we find that there are 7029 partially filled trades with the sizes less than 100 out of the 
total 334516 PS trades, and 22651 filled trades with the sizes less than 100 out of the total 2527070 
FS trades. In other words, x\ = 0.9790 < x 2 = 0.9910. Again, condition (fT2"l) holds. 



4 Testing the LFM scaling 



4.1 Scaling exponents determination approaches 



Since the LFM s caling was verified in the US stock market by lLillo et al.l (120031) and in the Australian 
stock market by iLim and Cogginsl (|2005l) . it is natural to test weather it holds or not in the Chinese 
stock market. We notice that there is a difference in the normalization of trade sizes in the two studies. 



Hence, we perform this test following iLillo et al.1 (|2003h and lLim and Cogginsl (|2005h . respectively. 



To avoid possible confusion, we rewrite the notations in the LFM scaling as follows 



y(x,C)=C^f(x/C s ) 



(13) 



where y stands for the unnormalized return, x represents the normalized trade size and C is the 
capitalization. 



To determine the scaling exponents 5 and 7, iLillo et al.1 (|2003l) sorted and divided the x/C 5 data 
into bins and determined the values of 5 and 7 that minimize the mean (e) of the two-dimensional 
variance 



6(5,7) 



\*(ycr>y 


2 


~<t(x/C s )~ 




+ 


[v(x/C s )\ 



(14) 



w here a denote s the standard deviation and fi denotes the mean. This approach has also been adopted 
by iNiwal (120051) in the scaling analysis of prob ability distribution of dimension s and biomass of fish 
school s. Alternatively. iLim and Cogginsl (I2005|) adopted the method proposed by lBhattacharjee and Seno 
(|200ll) . Both approaches worked well in the scaling analysis of US and Australian stocks. Here we 
utilize the one proposed by ILillo et al.1 (|2003r ). 

In addition, we propose a quantity R to quantify th e goodness of data collapse, which is motivated 
by a similar measure used by llim and Cogginsl (|2005l) . The quantity is calculated as follows 



R 



e(0,0) 



(15) 



where 8 and 7 are the estimates of the scaling exponents. 



4.2 The Lillo-Farmer-Mantegna approach 

We follow exactly the same approach of ILillo et al. to perform the scaling analysis in which 

stock capitalization is included as an independent, except that we do not divide the stocks into groups. 
In this case, the variables y and x in Eq. (fT3l) are r and uj/ (uj), respectively. The analysis is conducted 
for the four types of trades. The results are illustrated in figure [5J 

The estimated values of scaling exponents 5 and 7 for each type of trades are listed in tabled The 
results show that it is hard to collapse the data onto a single curve for each type of trades. This is also 
supported by the rather small values of R. When we analyze all buyer- or seller initiated trades, the 
LFM scaling does not work either. 



Table 2: Estimates of the scaling exponents following ILillo et al.l (|2003l) 





PB 


PS 


FB 


FS 


5 


0.0069 


-0.0106 


0.0020 


-0.0417 


7 


-0.0481 


-0.0570 


0.4174 


0.2615 


R 


0.0157 


0.0239 


0.1969 


0.0739 



4.3 The Lim-Coggins approach 



We also follow exactly the same approach of ILim and Cogginsl (120051) to perform the scaling analysis 
in which stock capitalization is included as an independent, except that we do not divide the stocks 
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Figure 5: Scaling an alysis of the price impact functions of different types of trades for the 23 individ- 
ual stocks, following lLillo et al.l (12003b . The trades are classified into four types due to their directions 
and aggressiveness. The values of 5 and 7 for each type of trades are listed in tablefU 



into groups. In this case, the variables y in Eq. <fT3l is r and x is the normalized daily -normalized 
volume 

N 



m=l \2-^d=l 1 d 



(16) 



where Uij is the size of trade j on day i, Tj is the total number of trades on day i, and N is the total 
number of days of a stock. The analysis is carried out for the four types of trades. The estimated 
values of scaling exponents 5 and 7 for each type of trades are listed in table [2] The rather small 
values of R imply that it is hard to collapse the data onto a single curve fo r each type o f trades. When 
we analyze all buyer- or seller initiated trades, no scaling is obtained (see lZhouL I2007L Figure 1 1). 



Table 3: Estimates of the scaling exponents following iLim and Cogginsl (|2005l) 





PB 


PS 


FB 


FS 


5 


0.100 


0.074 


0.291 


0.432 


7 


-0.036 


-0.029 


0.196 


-0.026 


R 


0.017 


0.018 


0.096 


0.113 



It is noteworthy that, for each stock, the price impact curve for partially filled trades r emains 
const ant for not too large trades, while that of filled orders exhibits a nice power law (see IZhou . 
2007L Figures 9-10). We have fitted the power-law price impact functions and the average power-law 
exponent is a FB = 0.52 ± 0.04 for buyer-initiated filled trades and a F s — 0.53 ± 0.05 for seller- 
initiated filled trades. These exponents are significantly smal ler than thos e in section [3] In addition, 
when we plot r j (r) against x, nice scaling appears again (see lZhouL I2007L Figure 12). 



5 Price impacts and the distributions of returns and trade sizes 



We now turn to investigate the relation between the power-law exponents of price impacts, returns 
and trade sizes for filled trades. For the normalized returns and trade sizes, we estimate the empirical 
complementary cumulative distribution functions for either buyer-initiated or seller-initiated trades. 
The results are illustrated in figure [6l We find that each of the four probability distributions has a 
power-law tail. The tail exponents are estimated within the scaling range [15.9, 141] delimited by 
the two vertical dashed lines. We find that, a r = 3.45 ± 0.17 and q u = 2.30 ± 0.10 for buyer- 
initiated trades and a r = 3.44 ± 0.13 and a u = 2.36 ± 0.06 for seller-initiated trades. Again, the 
difference between the buyer- and seller-initiated trades are negligible. Although the two distributions 
deviate respectively from the inverse cubic law and the half-cubic law, the relation between the tail 
exponents a^/a r = a is nevertheless validated. Indeed, the two ratios are 0.666 for buy trades and 
0.686 for sell trades, which are in excellent agreement with the corresponding power-law exponents 
«fb = 0.66 ± 0.03 and ofs = 0.69 ± 0.03 of the price impact function. 
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Figure 6: Empirical complementary cumulative distributions of the normalized returns and trade sizes 
for buyer- and seller-initiated filled trades. The solid lines are power laws. The two curves for trade 
sizes have been shifted upwards by a factor of 10 for clarity. 



The above analysis is conducted based on the data aggregated across different stocks. It is natural 
to ask if the relation a w /a r = a holds at the level of individual stocks. We perform such a test 
separately for buyer- and seller-initiated filled trades. For each type of trades of each stock, the tail 
exponents a u and a r of the distributions of returns and trade sizes and the power-law exponent a 
of the price impact function are determined. The value of a u /a r is then calculated, which should 
be compared with a. To quality the extend to which a u ja T is equal to a, we calculate the relative 
deviation as follows 

(17) 



D 



a 



a, 



a 



All these values (a u , a r , a u /a r , a, D) are depicted in tableBJ We also show the means and standard 
deviations of /a r , and a and the corresponding values extracted from figure [3l According 

to table HI we see that most of the D values are reasonably small. The worst case is recognized for the 
buyer-initiated filled trades of stock 000720, which is not surprising since its price impact function 
does not exhibit power-law form. We thus figure that the relation between the exponents of price 
impacts, returns and trade sizes also holds for individual stocks. 

Several relevant remarks are in order. According to table |4] the returns of Chinese stocks at the 
transaction level follow the well-known cubic law. The cubic law of returns was well-established for 



Table 4: Testing the relation a u /a r = a for buyer- and seller-initiated filled trades. All values 
of D are calculated as the relative deviations of a u /a r from a. Each value (except D) in the row 
"MEAN" is the mean of the values in the corresponding column over the 23 individual stocks and 
the row "STD" shows the standard deviations. The values in the row "ALL" are determined from the 
normalized returns and trade sizes aggregated across different stocks. 



Code 


Buyer-initiated filled trades 


Seller-initiated filled trades 




a r 




a 


D 




a r 




a 


D 


000001 


2.12 


2.97 


0.71 


0.69 


0.04 


2.21 


3.38 


0.65 


0.71 


-0.07 


000002 


2.09 


3.17 


0.66 


0.67 


-0.01 


2.04 


3.12 


0.65 


0.70 


-0.07 


000009 


2.28 


3.46 


0.66 


0.71 


-0.06 


2.48 


3.22 


0.77 


0.74 


0.04 


000012 


2.72 


3.09 


0.88 


0.66 


0.33 


2.41 


3.37 


0.71 


0.69 


0.03 


000016 


2.38 


3.32 


0.72 


0.69 


0.04 


2.35 


3.33 


0.71 


0.69 


0.01 


000021 


2.34 


3.48 


0.67 


0.65 


0.03 


2.47 


3.73 


0.66 


0.72 


-0.07 


000024 


1.95 


2.96 


0.66 


0.61 


0.08 


2.51 


3.32 


0.76 


0.69 


0.10 


000027 


1.90 


3.41 


0.56 


0.71 


-0.21 


2.58 


3.44 


0.75 


0.75 


0.00 


000063 


2.17 


3.07 


0.70 


0.62 


0.12 


2.47 


3.66 


0.68 


0.63 


0.07 


000066 


2.53 


3.24 


0.78 


0.67 


0.15 


2.75 


3.11 


0.88 


0.72 


0.23 


000088 


2.22 


3.37 


0.66 


0.60 


0.09 


2.35 


3.44 


0.68 


0.53 


0.29 


000089 


1.84 


2.93 


0.63 


0.67 


-0.06 


1.71 


2.94 


0.58 


0.74 


-0.21 


000406 


2.04 


3.03 


0.67 


0.70 


-0.03 


2.51 


3.26 


0.77 


0.74 


0.03 


000429 


2.15 


3.15 


0.68 


0.73 


-0.07 


2.15 


2.69 


0.80 


0.75 


0.06 


000488 


2.18 


3.17 


0.69 


0.56 


0.22 


2.24 


3.90 


0.58 


0.57 


0.01 


000539 


1.78 


2.69 


0.66 


0.63 


0.05 


1.60 


2.77 


0.58 


0.58 


-0.00 


000541 


1.81 


2.69 


0.67 


0.59 


0.14 


2.11 


3.28 


0.64 


0.69 


-0.07 


000550 


2.28 


3.18 


0.72 


0.68 


0.04 


2.39 


3.49 


0.69 


0.68 


0.00 


000581 


1.91 


2.87 


0.66 


0.64 


0.03 


2.00 


2.90 


0.69 


0.66 


0.03 


000625 


2.10 


2.78 


0.76 


0.65 


0.16 


2.36 


3.25 


0.73 


0.73 


-0.00 


000709 


2.27 


3.67 


0.62 


0.74 


-0.16 


2.47 


3.26 


0.76 


0.77 


-0.01 


000720 


3.45 


3.34 


1.03 


0.35 


1.98 


2.38 


2.84 


0.84 


0.73 


0.14 


000778 


1.65 


2.52 


0.65 


0.72 


-0.09 


2.53 


3.27 


0.78 


0.71 


0.08 


MEAN 


2.18 


3.11 


0.70 


0.65 


0.07 


2.31 


3.26 


0.71 


0.69 


0.03 


STD 


0.37 


0.29 


0.10 


0.08 


/ 


0.27 


0.30 


0.08 


0.06 


/ 


ALL 


2.30 


3.45 


0.67 


0.66 


0.01 


2.36 


3.44 


0.69 


0.69 


0.00 



US sto cks by lGopikrishnan et al.l(|1998|) and lPlerou et al J (11999b and for US indexes bylGopikrishnan et al 



(| 19991) at different timescales from 1 minute to a few days. iPlerou and Stanleyl (|2008l) further showed 
that the cubic law is universal across three distinct markets, NYSE, Lond on Stock Exchan ge (LSE) 
and Paris Bourse, at the timescale of 5 minutes. For the Chinese stocks, iGu et al.1 (I2008|) reported 
that the cubic law holds at the transaction level and the distribution of returns has power-law tails, 
in which the tail exponent increases from 3 to 4 when the timescale increases from 1 minute to 32 
minutes. 

The issue of the distribution of trade sizes is more controversial. iGopikrishnan et al.l (|2000h ana- 
lyzed the transaction data for the largest 1000 stocks traded on the three major US markets and found 
that the distribution of trade sizes follow a power-law tail with the exponent being 1.53 ± 0.07, known 
as the half-cubic law, and that of the aggregated share volumes at ti mescales from a few minu tes to 



several hundred min utes has a power-law tai l exponent 1.7 ± 0.1. IPlerou et al] (1200 ll 120041) con 



firmed this analysis. iMaslov and Millsl (|200l|) found that the trade sizes of several NASDAQ stocks 



have power-law tails with the exponent close to 1.4. IPlerou and Stanley! (|2007|) extended this analysis 
to other two markets (LSE and Paris Bourse) and found quantitatively similar results across the three 
distinct markets. AH these tail exponents are well below 2, within the Levy regime. Alternatively, 



Eisler and Kerteszl (|2006l . 120071) reported that the tai l exponents of the traded volumes at a timescale 



of 15 minutes for six NYSE stocks are 2.2 and 2.8. iRacz et al.l (120081) argued that the tail exponents 
of the traded volume were underestimated. They investigated the 100 most liquid stocks traded on 
the NYSE for the same period as studied by lPlerou and Stanley! (|2007l) and found that the average tail 
exponent is 2.02 ± 0.45. There is additional evidence supporting the point that the tail exponent is 
outside the Levy regim e for stocks in o ther markets, such as the Korean stocks (|Lee and LeeL 120071) 
and the Chinese stocks (|Mu et alll2008|) . The tail exponents reported in table 0] are in line with these 
results. 

From table HI the power-law exponent of price impact is roughly constant acro ss distinct stocks. 



Simila r phenomenon was observed in the Australia market for large trades by Lim and Coggins 



d2005h . However, the exponen ts were found to v ary between 0.21 and 0.41, much smaller than those 
in table HI For th e US stocks. iLillo et al. (120031) found that the exponent is around 0.2 for different 
groups of stocks. [Farmer and Lillol (120041) investigated sever al LS E stocks and the expon ent is found 
to be about 0.26. Alternatively. iBouchaud and Pottersl (1200 1|) and lBouchaud et al.l (|2004[) proposed a 
logarithmic price impact relation r oc In to for several stocks listed o n the Paris Bourse. These two for- 



malis ms are not inconsistent since the power-law exponent is small. iGabaix et al.l (|2003al 120061 12007 



20081) studies the price impact function of aggregate trading volumes theoretically and empirically, 
which leads to a self-consistent exponent of about 0.5. 

Combining all these results, several remarks follow. Altho ugh the values of a u and a in our paper 
are remarkably different from those of Gabaix et al. (12003a ). the relation © still holds. We would 
like to stress that the unified theory of Gabaix et al.l ( 2003af) was tested with variables at fixed time 
intervals, while our study is carried o ut at the transaction le vel. Therefore, our work has empirically 
confirmed and extended the theory of IGabaix et al.l (I2003ah . In addition, different values of a u and 
a does not falsify the theory. Indeed the relation © can be derived, if the three power laws in the 
distributions of returns and trade sizes and the price impact hold, no matter what is the underlying 
mechanism causing these power laws. Our work also suggests that it might be better to test the relation 
© in order-driven markets by properly classified trades. 



6 Conclusion 



In previous studies concerning the price-volume relationship using transaction data, the trades are 
usually differentiated into two types being buyer- or seller- initiated. We have found that there is no 
difference in the price impact functions between buyer- or seller-initiated trades. In contrast, the price 
impact function is more sensitive to the aggressiveness of the trades. In addition, two universal price 
impact curves for filled trades and partially filled trades appear when both returns and transaction 
size are normalized by their stock-dependent averages. The scaling analysis is independent of the 
capitalizations of stocks. To be more conservative, our study does not deny the possibility that the 
scaling relation in terms of stock capitalization when we group stocks. Unfortunately, we do not have 
the whole database of all stocks traded in the A-share markets. It is also interesting to see if the B- 
share stocks have different behavior in the immediate price impact. These researches can be carried 
out when the data are available. 

We figure that these universal price impact functions are unambiguous targets that any empirical 
model of order-driven market must hit. This result ca l ls for further extens i on of the existing model s 



(IChallet and Stinchcombel 1200 ll : Daniels et all 120031 : Farmer et all |2005; M ike and Farmed. 120081) 



The observed phenomena may be present in other order-driven markets as well. This conjecture can 



be tested when the order book data are available for other markets, which may extend the universality 
of the two impact functions. 

There are also open problems unsolved in this work. The most interesting one is to understand 
why the price impact of partially filled trades is roughly the same for different trade sizes and why 
the price impact of filled trades follows a power law. We hope to address these questions in future 
research. 
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Figure 7: Dependence of \r\ with respect to u for the four types of trades for individual stocks. Note 
that the price impact of buyer- and seller-initiated trades is symmetric and unfilled trades have greater 
price impact than filled trades. 




Figure 8: Dependence of \r\ with respect to x for the four types of trades for individual stocks. Note 
that the price impact of buyer- and seller-initiated trades is symmetric and unfilled trades have greater 
price impact than filled trades (continued). 
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Figure 9: Dependence of |r| with respect to x for the four types of trad e s for i ndividual stocks. The 
normalized trade size x = u' is obtained following iLim and Cogginsl (|2005l) . Note that the price 
impact of buyer- and seller-initiated trades is symmetric and unfilled trades have greater price impact 
than filled trades. 
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Figure 10: Dependence of |r| with respect to x = u' for the four types of t rades for individual stocks. 
The normalized trade size x is obtained following lLim and Cogginsl(|2005r) . Note that the price impact 
of buyer- and seller-initiated trades is symmetric and unfilled trades have greater price impact than 
filled trades {continued). 
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Figure 1 1 : Scaling analys is of the price impact fu nctions of different types of trades for the 23 in- 
dividual stocks, following iLim and Cogginsl (|2005f) . The trades are classified into four types due to 
their directions and aggressiveness. The values of 5 and 7 for each type of trades are listed in table[3] 




Figure 12: Sca ling of price impa c t func tions for different types of trades. The trade sizes are normal- 
ized following ILim and Cogginsl (|2005l) . 




Figure 13: Market averaged price impact c urves for the four types of trades. The trade sizes are nor- 
malized following iLim and Cogginsl (120051) . The solid line is a power-law function with the exponent 
a = 0.50 to guide the eye. 



